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XXVII. A general Theory for the Menfuration of the Angle fub-* 
tended by Two Objects, of which One is obferved by Rays after 
Two Reflexions from plane Surfaces, and the other by Rays, 
coming directly to the Spectator's Eye. By George Atwood.; , 
M,A.F.R.S., 



Read June 21, 1781. 



THE actuaV determination of an angle implies two obfer- 
vations, one taken at each extremity of the arc by 
which that angle is meafured. When fixed agronomical qua.- 
drants or other feclors are ufed for the practical eftimation of 
angles, one of thefe obfervations is previoufly made by direcT:- 
ing the axis of the telefcope or line of collimation to fomc fixed 
point in the heavens, the index being then coincident with the 
initial point on the arc of the fe&or : after this adjuftment 
one obfervation . only is neceffary to afcertain the angular 
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diftanee between that point ancl any other celeftial object in the 
plane of the fector. This method, however, is evidently 
impracticable, unlefs the inftrument can be fteadily fixed ; for 
which reafon agronomical quadrants become ufelefs at fca ; and 
from the difficulties which attend placing them in their due pofi- 
tion and adjustment on firm ground, they are almofl wholly 
confined to regular obfervatories. 

Mr. hadley *, by an ingenious application of optical prin- 
ciples, contrived to bring both extremities of the arc meafured 
into the field of the fpectators's view at the fame time ; by 
which .improvement, angles are taken at fea, as well as on land 
with an unfixed inftrument, to a degree of accuracy fufficient 
for nautical and other purpofes, when the utmoft exactnefs is 
not required. 

Mr. hadley's invention is a particular cafe of a very 
extend ve theory, as yet but little attended to. According to 
his method, which is well known, the two reflecting furfaces 
ufed in the obfervation are perpendicular to the plane of mo- 
tion ; the direction of the telefcope, and of the rays pafling 
between the reflectors being parallel to that plane ; whereas the 
inclination of the telefcope, and of the intermediate rays, as 
well as of the reflectors themfelves to the plane of motion, 
admits of unlimited variety. A general theory to determine 
the angle obferved by two reflections from the data on which 
its magnitude depends, without limitation or reftriction, feems 
applicable to feveral ufeful purpofes in practical aftronomy. Hav- 
ing never feen any geometrical conftruction or analyfis of this 
curious problem, I was induced to beflow fome confideration 

* Phil. Tranf. N° 420. See alfo a tract, intituled, The Theory of hadt.ey's 
^aadrant, by the rev. w. ludlam. 
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of the Angle fubtmded by Two Objefls, &c. 397 

on the fubjedt, and fliall be happy if the refult of my in- 
quiries appears to merit the attention of the Royal Society. 

Art. i . The manner of taking an obfervation by two re- 
flections unconfined to any particular cafe may be defcribed 
thus. Let C, B (fig. 1.) reprefent two plane reflecting furfaces, 
inclined to a plane OP A at any given angle. Through any 
point of the reflecting furface C draw a line perpendicular to 
the plane OPA, and with the point where the line meets the 
plane as a centre (which muft here be reprefented by C) and 
any diftance CP, defcribe a circle OPA. The reflecting plane B 
always continuing fixed, let the reflector C be moveable along 
with the radius CP as it revolves in the plane OPA round the 
centre C : the angular motion of the fpeculum C, referred 
to the circumference OPA, will be meafured by the arc which 
the radius CP defcribes, the inclination of the plane C to the 
plane of motion OPA being always the fame, and equal to that 
of the fixed fpeculum B. 

2. The two plane reflectors, B and C, being equally in- 
clined to the plane OPA, it follows, that during the motion of 
C there mull be fome point O in the circumference OAP, at 
which when CP arrives, the reflector C will be parallel to the 
fixed reflector B. 

3. When the moveable radius which carries round the plane 
C is at any other pofition CP, let a ray flowing from a diftant 
object T impinge on the fpeculum C ; let it be reflected from 
thence in the direction CB, and being again reflected at B in the 
direction BG, let it be obferved by a fpectator's eye at G ; the 
image of T will appear fomewhere in- the line GBS ; fuppofe 
that a ray flows from a diftant object S fituated in the line GB 
produced, and that this ray SG comes directly to the fpectator's 
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-eye at G : the ©bjecl: S Teen by direct rays, and the Image of 
the point T feen by rays after two reflections, will appear to 
coincide in the line GBS. This is an obfervation by two 
reflections, from which, together with fuch data as limit the 
problem, the true angle fubtended by the objects T and S is to 
be inferred, 

4. The data which limit this problem, being necefTary for 
the determination of the angle fubtended by T and S are in 
number four, which are next to be confidered. 1 ft. One of thefe 
data is the arc PO, being the angular diftance of the moveable 
radius CP, meafured on the circumference of the circle OPA, 
from that polition CO, at which the two reflectors are parallel ; 
the fituation of this arc OP in refpect of the point O being 
fuppofed known, that is, it being known on which fide of that 
point, OP is fituated in refpect of the ray BG. 2dly, The com- 
mon inclination of the reflecting planes B and C to the plane of 
motion is another of thefe data. The third and fourth of 
the conditions muft be mentioned rather more particularly. 
The ray BG is always underftood to be given in pofition in> 
refpect of the plane of motion OPA (confidered as immoveable) 
being either coincident with the line of coUimation of a tele- 
fcope, or directed by lights fo as to be invariably fixed : the fpe- 
culum B alfo being unmoved, the line or ray BC will never 
change its pofition, from the known principles of reflection. 
The angle CBG, therefore, and the half of that angle 
being the angle of incidence at which CB impinges on By. 
will be always of the fame magnitude ; whereas the half of 
the angle BCT, or the angle of incidence on the moveable 
fpeculum C, is continually changing, while C is carried 
found in the plane of motion : this conftant angle of in- 
cidence or reflection at the fixed fpeculum B will be 
another of the data necefTary to determine the problem^ 

The 
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The rays GB, BC, and the fpeculum B, being fixed in refpect 
of each other, and of the plane OAP, the plane CBG will 
alfo be given in pofition ; that is, its inclination to the plane of 
motion, or to any other fixed plane, will conftantly be the 
fame : whereas the inclination of the plane BCT to the plane 
of motion* or other fixed plane, will be continually changing 
while the reflector C revolves with the radius CP. The pofition 
of the plane GBC conftitutes the fourth and laft. of the data) 
and it will be immaterial to what fixed plane it is referred. In 
the enfuiug folution the fituation of this plane will be defined 
by its inclination to the fixed fecondary of the plane of motion 
which pafles through the point O. 

5. The enumeration of thefe data leads to the conftruc- 
tion of the problem, a few obfervations being previoufly 
inferred to prevent repetitions and unneceflary references, iff, 
The objects obferved are underftood to be lucid or illumined 
points, and fo diftant, that the rays which flow from either of 
them may be efteemed parallel without error as far regards 
thefe obfervations : fuch objects are the fixed ftars, any given 
points in the difks of the fun or planets, &c. 2dly, As in mea- 
furing the angular pofitions of objects which lie in the fame 
plane, thefe objects are referred to the circumference of a circle, 
the centre of which is coincident with the fpectator's eye; fo 
in eftimating the pofitions of objects which lie in different planes, 
and of the inclinations of thefe planes to each other, the ob- 
jects, &c. are referred to the circumference of a fphere, of 
which the centre coincides with the Centre of the fpe&ator's 
view : applying this to the prefent cafe, fince the lines 
CT, CB, SG (fig. 1.) are fituated in different planes; in order 
to eftimate their pofitions, any point may be aflumed a3 
the centre of a fphere, and through that point lines are to be 
drawn parallel to the given lines CT, CB, SG, the points in 
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which the lines interfere the fpheres furface will give their re- 
lative fituations by the rules of trigonomety. 3dly, There 
will be no neceffity to reprefent the reflecting planes in the 
general con ft ruction, fmce the pofitions of the perpendiculars 
to the planes, will give the fituations of the planes themfelves. 

6. To determine by conftruction the angle fubtended by the 
objects T, S, from the data which have been defcribed, let 
APOCQj^fig. 2.) reprefent a great circle of the fphere to the 
furface of which the objects obferved, and the pofitions of the 
incident and reflected rays, &c. are referred ; C being the cen- 
ter, CK the axis, and K the pole of this great circle ; throuoh, 
K draw any fecondary KO, and from the pole K, at the diftance 
of the arc KF, = the meafure of the given inclination of the re- 
flecting planes to the plane of motion, defcribe a parallel or lefTer 
circleFIM : with the poleF, and at a diftance equal to a quadrant, 
defcribe an arc of a great circle interfering the fecondary KO 
produced in the point X, and in this arc from X take XY = the 
meafure of the given Inclination of the fixed plane of reflection at 
the fpeculumB to the fecondary which paffes through the point O; 
and draw the quadrant YF, which produce in the direction YF: 
from F on either fide of F fet ofFFD equal to the meafure of the 
given conftant angle of incidence at the fpeculum B, and make 
FB (taken on that fide of F which is oppofite to D) equal to FD; 
Draw the radius CO : from O fet off an arc OP in the circum- 
ference OPA equal to the meafure of the angular diftance de- 
fcribed by the moveable radius CP from that pofition at which 
the reflectors are parallel ; obferving that the arc OP be on that 
fide of the point O which *correfponds with the conditions of the 
problem (art. 4.): through P defcribe the fecondary KP inter- 
feding the parallel FIM in the point I : through B and I defcribe 

* It is fuppofed to be known, whether CP beginning its motion from the pofi- 
tion CO approaches towards the vifual ray BG or recedes from it. 
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the are of a great circle BIE, and in it take EI equal to IB : 
through D and E draw the arc of a great circle DE : the arc 
DE will be the meafure of the true angle fubtended by the 
objects obferved, according to the data of the problem. 

Previous to the demonstration of this construction,, the appli- 
cation of it to the method of obfervation by two reflections 
Should be defcribed. Join CP, CI, and CF. To the extremity C 
of the radius CP let a plane fpeculum be affixed, CI being; 
always perpendicular to this plane : as PC revolves in the plane 
of motion, the perpendicular CI will defcribe the parallel or 
lefler circle FIM, and when CP coincides with CO, CI will 
coincide with CF. Through B draw BR parallel to CF, and 
let a plane fpeculum be fixed at B perpendicular to BR; CF 
and BR being parallel when the perpendicular CI coincides 
with CF, the reflectors at C and B will then be parallel. 

Join CD, and produce it to a very diftant point S, and 
through B. draw GBS parallel to CDS ; the reflectors C and B- 
being parallel, and their perpendiculars coinciding with CF and 
BR, let a ray SC impinge on the reflector C : becaufe FC is the 
perpendicular to the fpeculum C and the arc DF ~ FB by con- 
struction,, thefe ares being in the plane of the fame great circle 
DBO^, it follows, that the ray SC will be reflected from C in 
the direction CB, impinging on the fpeculum B at the angle of 
incidence CBR ; and lince DC and BG are parallel by con- 
struction, and the parallel lines FC BR fall on them, the 
angles RBG, FCD, will be equal, and FCB or CBR = RBG.. 
CB therefore being the ray incident on the fpeculum B will be 
reflected in the direction BG parallel to SC ;. and a ray SG com- 
ing directly from S will be feen coincident with the reflected 
ray BG. Here we obferve, that the planes of reflection at C 
and B, that is, the planes DCB and CBG coincide, the re- 
flectors being parallel. 

Lee 
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Let the radius CP move from thepofition CO, carrying -faith 
it the fpeculum C and its perpendicular CI : then, EI being 
equal to IB by conftruction, a ray impinging on C in the di- 
rection TEC will be reflected in the plane ECB, and becaufe 
ECI = ICB, the reflected ray will coincide with the line CB, 
.and after reflection at B will * proceed in the direction BG, 
being coincident with the ray SG which comes directly from S. 
When the perpendicular CI leaves CF, the plane of reflection 
ICB becomes inclined to the plane of reflection DCBG with 
which it before coincided ; but the pofition of the rays CB, 
BG, and of the perpendicular BR, remains unaltered ; for 
which reafon the plane GBCFD correfponds to the fixed plane 
of reflection defcribed among the conditions (art. 4.). When 
•CI was coincident with CF, the radius CP was coincident with 
CQ, O being the initial point of the arc OP, defcribed by the 
• radius CP, denoting that when CP coincides with O, the re- 
flectors being then parallel, the inclination of the ray SC ob- 
ferved after two reflections, and SG obferved by direct rays 
parallel to SC, is nothing : the great circle KO, therefore, 
which pafles through O and F, will be the fixed or primitive fe- 
condary to which the inclination of the fixed plane of reflec- 
tion at the fpeculum B is referred. 

The demonstration of the contraction will confift of two 
parts. It muft be firft (hewn, that the conditions or data of 
the problem are obferved in the contraction. 2dly, That the 
magnitude of the arc ED, which meafures the angle fubtended 
by the obferved objects is limited or determined by them. 

Suppofing the angle TCS to be of any unknown quantity, 
it has appeared, that according to the conftruction, the rays 
which come from T, and are feen after two reflections at C and 
B, will be obferved to coincide with the rays which come 

* Supra. 

S directly 



qf the Angle fubtended by Two Obje£is y Sec. 403 

directly from S, That the conditions of the problem are ful- 
filled in the conftructiOn is demonftrated thus : 

1 ft, The inclination of the reflectors B and C to the plane of 
motion was conftructed of the magnitude which is meafured by 
the arc KF. KC is perpendicular to the plane of motion. CF 
is perpendicular to the refledlor C, and the inclination of thefe 
two lines CK, CF, is meafured by the arc KF ; but the incli- 
nation of any two planes, is the fame as the inclination of 
two lines which are perpendicular to them ; the inclination 
therefore of the reflector C tothe plane of motion is meafured: 
by the arc KF, and the fpeculum B is equally inclined to the 
plane of motion with C by the conftruclion, the perpendiculars 
CF and CI being parallel when both. are. fituated in. the plane of 
the fame great circle DBQ. 

adly, KO being the fecondary to which the pofition of the 
fixed plane of reflection DFB at the fpeculum B was referred, 
that given, inclination will be equal to the angle OFB* which 
is meafured by the arc XY according to the conftrucl:ion, FY 
being a quadrant.. 

3dly, Moreover, FD = FB, was eonftru&ed equal tothe con- 
ftant angle of incidence at the fixed fpeculum ; CBR is the* 
angle of incidence at the fixed fpeculum B, and it is equal to the 
angle BCF,.becaufe CF and BR areparallel by conftru&ion, and* 
CB falls on them;; FB, or its equal FD therefore is truly con- 
ftru&ed the meafure of the given conftant angle of incidence afc 
the fixed fpeculum B. 

4thly> Becaufe it has been fhewn that CO is the pofition of 
the radius CP, when the reflectors are parallel, the arc OP is; 
rightly conftructed the meafure. of the angular diftance of the 
radius CP from that pofition. 

It remains only to demonftrate that thefe four given quanti- 
ties, KF, OP, XY, and DF, limit the magnitude of the arc: 

ED;; 
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ED ; through I and F draw the arc IF : then the given arc 
KForKI, and the angle IKF, meafured by the given arc PO, 
define the triangle IKF, and in it, therefore, the fide IF and 
and the angle IFK are determined. If from IFK, the given 
angle DFK, meafured by the arc XY, be fubtra&ed, the re- 
mainder IFD, and 1FB its fupplement to 180 will be defined.: 
the given arc FB, with the angle IFB and the arc IF, deter- 
mine the angle IBF, and the arc IB, or its double BE : and the 
given arc BD, the arc BE, with the contained angle DBE before 
•determined, define the arc ED, which is therefore the true mea- 
fure of the angle fubtended by the objects obferved under the 
conditions fulfilled in the conftruftion. 

7. The computation of the obferved angle DCE being for 
the prefent omitted, fome confequences which follow from the 
con ft ruction may be inferted in this place, being either corol- 
laries, or fuch truths as admit of eafy geometrical deduction 
from the general propofition. The line DC will always be the 
pofition of the vifual ray or line of collimation of the telefcope 
ufed in the obfervation, and the inclination of it to the plane 
of motion will be meafured by the complement of the arc DK 
•to a quadrant. The line BC will be the pofition of the ray 
which panes between the reflectors B and C, and the inclina- 
tion of it to the plane of motion will be meafured by the com"- 
plement of the arc BK to a quadrant. Thefe arcs are left out 
of the figure, that the more material parts of the conftruction 
might not be confufed by them. 

8. Every thing elfe remaining, let the parallel F1M (fig. 3.) 
be projected on the plane of motion QOP. Through the 
points F and I draw the arc of a great circle NIFR. The ob- 
feirved * objects T and S, or, which is the fame thing, the points 
of interfection at the fphere's furface E and D will be at equal 

* Compare-fig. 2. 

perpen- 



of the Angle fubtended by 'fwo ObjeSis, &c. 405 

perpendicular diftances from this arc, which may be demon- 
strated thus. Through the points E, D, and B, draw the 
arcs EN, DL, and BR, perpendicular to N1FR : then the tri- 
angles DFL, FBR, being equal, DL will be equal to BR ; 
moreover, the triangles ENI, IRB, being equal, the arcs EN, 
RB, will be equal : from whence it follows, that ENs DL, or 
the perpendicular diftances of the points E and D from the arc 
of a great circle which pafles through the points I and F, are 
equal. It appears alfo, from the fame conftruction, that the 
arc NL, intercepted between the two perpendiculars EN, DL, 
is equal to twice IF : for becaufe the triangles EIN* RIB, are 
equal, as are the triangles DLF, RFB, it follows, that NI is 
equal to IR, and LF to FR, wherefore 2IR = NR, and 2RF 
= LR : whence, by fubtra&ing equals from equals, 2RI — 2RF 
= NR - LR, or 2IF = NL, which was the equality to be de- 
mon ftrated. 

9. From this laffc construction and demonftration the follow- 
ing proportion is inferred. As radius : cofine of DL or EN, 
fo is the fine of IF to the fine of half the arc ED, or of half the 
obferved angle : for if the arcs NE, LD (fig. 3.), be continued 
until they meet in the pole H, the arcsNH, LH, will be qua- 
drants, and the triangle EHD ifofceles, which, from a property of 
fpherics too obvious to need demonftrating, gives this propor- 
tion : as the chord of NL to the chord of ED, fo is radius 
to the fine of DH, or cofine of DL ; but the chord of NL is 
equal to the chord of 2IF from art. 8. We have, therefore, 
as radius : cofine DL, fo is the chord of 2FI to the chord of 
ED, or, which is the fame proportion, as radius : cofine DL, 
fb is the fine of IF to the fine of half ED. 

10. From the laft article it appears, that the fine of half 
the angle between the obferved obje&s, or the fine of half ED, 
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is proportional to the fine of FI and the cofine of DL jointly j 
confequently the line of FI being the fame, fin. § ED is propor- 
tional to the cofine of DL ; this will lead to the reafon why in 
enumerating (art. 4.) the * conditions which limit the magnitude 
oftheobfervedarcED,the pofitionof the fecondaryKP,in refpect 
of the point of interfe&ion Qjtnd of the fixed fecondary KO, 
was annexed : for it will appear, that every thing elfe being the 
fame, the magnitude of the arc ED will depend on the pofition 
of the fecondary KP, whether it be on one fide of the fixed fe- 
condary KO, or on the other, the angles PKO,jd>KO, being equal. 
Having fet off Op = OP draw the fecondary Kp interfering 
the parallel FIMU in the point U ; and through B and U draw 
the arc of a great circle BUW ; take UW = BU ; and through 
D and W draw the arc of a great circle DW : then by the 
conftruction and demonftration in art. 6. the angle fubtended 
by the obferved objects will be meafured by the arc DW, and it 
will be eafy to fhew, that DW is not equal to DE, except in 
two extreme cafes ; that is, when the fixed plane of reflection 
DFB is either coincident with the primitive fecondary KO or 
perpendicular to it. Through the points F and U draw the 
arc of a great circle VFU, and from D draw the arc DV 
perpendicular to VFU : fince f the fines of half the arcs 
DE, DW, are in a proportion compounded of the proportions 
of the fine of IF to the fine of FU, and of the cofine of DL 
to the cofine of DV, the fines of IF, FU, being equal by the 
conftruction, the fines of half the arcs ED, DW, will be in the 
fame proportion with the cofines of DL and DV, which are 
evidently unequal ; confequently, the fines of half the arcs 
DE, DW, and therefore the arcs themfelves, muft be unequal. 
11. The angles PKO, OK/>, remaining equal, when the 
fixed plane of reflection BFD (fig. 4.) is coincident with the 

* Compare ftg» 2- t Supra, 

fecondary 



of the Angle fubtended by Two ObjeBs, &c. 407 

fecondary KO, or at right angles to it, the perpendiculars DL, 
DV, become equal in both cafes, which is obvious from the 
equality of the triangles DVF, DLF; it follows, therefore, 
(art. 10.) that the fines of FI and FU, and the cofines of DL, 
DV, being equal, the arcs DE, DW, will be equal in thefe two 
extreme cafes, but in no other. 

12. Since the angle fubtended by the obferved objects (art. 
Jo.) depends only on the fine of IF and the cofme of DL, it 
is plain, that if the points D and B be interchanged, (fig, 2, 3, 4.) 
the angle obferved will not be altered, every thing elfe remaining 
the fame ; becaufe neither the fine of IF, nor the cofine of DL, 
is affected by this change. For this reafon in any conftruftion for 
meafuring angles by two reflections, the pofition of the * vifual 
ray may be altered into that of the ray BC pairing between the 
reflectors, which will become in that cafe the fituation of the 
vifual ray, this alteration noways affecting the obferved angles. 

13. While the perpendicular CI (fig. 2. and 5.) defcribes the 
parallel FIM, the angle of incidence on the moveable fpeculum 
C, that is, the angle ECI or ICB, meafured by the arc BI, 
continually increafes until it arrives at a certain limit. This 
limit is determined by drawing through the points B and K. 
the arc of a great circle BKM. When the perpendicular CI 
arrives at M, the arc BM is the greateft pofTible, which will 
therefore be the meafure of the greateft angle of incidence on 
the moveable fpeculum, according to this conftruction, the 
radius CP having then defcribed from O an arc which is the 
meafure of the angle FKM. Now it is plain, that if the arc 
MB fhould be greater than a quadrant, there can be no vifion 
by two reflections, when the perpendicular CI coincides with M 
(fuppofing the moveable fpeculum to reflect on one fide only) 
becaufe the angles of incidence and reflection on any fpeculum 

* The pofition of the ray DC is the fame with that of the ray BG parallel to 
it, when referred to diftant obje&s. 
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muft be lefs than qo°. If BM be lefs than a quadrant, an; 
obfervation by two reflexions may be taken when the radius 
CP is directed to any point in the circumference of the plane of 
motion. When the arc BM is greater than a quadrant, two 
other limits will be produced in the circumference of the plane 
OCP ; while the radius CP is between thefe limits, no obfer* 
vation by two reflections can be taken : thefe limits are con- 
ftru£ted thus (fig, 6.). BM being greater than a quadrant, with 
the pole B and diftance BI equal to a quadrant, defcribe the 
arc of a great circle 17 interfering the parallel FIM in the 
points I and /: through I and i draw the fecondaries KY, KZ: 
while the radius CP is between. Z, and Y no obfervation can be 
taken by two reflections. If BIE, B/E, be drawn equal to a 
femi-circle, and DE joined, then DE will be the meafure of 
the limiting angle which can be obferved by this construction, 
either on one fide of KO or on the other ; and becaufe, by the 
principles of trigonometry, the arcs BD and DE are in the fame 
great circle, BDE being a femi-circle, wefhall derive from the 
conftrucf ion this conclufion : the difference between 180° and 
double the angle of incidence on the fixed fpeculum, will be a 
limit which terminates the angle obferved by two reflections in 
every cafe, when the arc BM is greater than a quadrant *. 

14. In any given example formed on the principles which 
have been demonftrated (fig. 2.) for the eftimation of angles 
by two reflections, three of the four quantities neceflary to 
determine the refult muft conftantly be the fame, while the 
fourth, that is, the arc OP, varies with the magnitude of the 
angle fubtended by the objects obferved : the different magni- 
tudes of thefe three given quantities will caufe a great variety 
of properties in confer u£tions which depend on the general 

* This termination of the angle which can be obferved by two reflections may 
happen while the. obferved angle is increafing or decreafing during the revolution' 
©f the index in the plane of motion, 

4 theory, 
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theory. If the angle DFK (fig. 2.), being the inclination of 
the fixed plane of reflection to the primitive fecondary be 
= 90°, and the arc KF, or the inclination of the reflectors to 
the plane of motion, be = 90 alfo, the conftruction will be- 
come that of hadley's inftrument (fig. 7.), whatever be the 
magnitude of the arc DF, that is, of the angle of incidence on the 
fixed fpeculum B : in this cafe the points F and O, and the points 
I and P, coincide. Here IF or PO meafures the inclination of 
the reflectors to each other ; and becaufe BF = FD, and BI = IE, 
by conftruction, it follows, that DE=2PO, that is, the angle 
fubtended by the obferved objects is double to the angle at 
which the reflectors are inclined to each other. This is a known 
property of hadley's inftrument, in which the vifual ray, and 
the ray intermediate between the reflectors, are in the plane of 
motion, which is alfo exprefled in the conftruction, DC and BC 
coinciding with the plane POC. 

15. Bifed KO inF; then will KF-45 (fig. 8.).. The 
vifual ray CD being coincident with the plane of motion, let: 
the inclination of the reflectors to that plane be equal to- 
45 : moreover, let the angle * DFK = 1 8o° ; fo mall D coin- 
cide with O, and B with K : this will afford a good example 
to the general theory. Let the radius CP move into any given 
pofition, carrying with it the fpeculum C and its perpen- 
dicular CI : here the obferved object E and the point B are 
always equi-diftant from I ; and becaufe BI is half a quadrant 
by conftruction, it follows, that IE will be of the fame mag- 
nitude, BE therefore will be a quadrant, and confequently E 
will coincide with P, being always in the plane of motion. 
The following properties are alfo derived from this conftruction. 
1 ft, The arc DE fubtended by the obferved objects is equal to 
the arc defcribed by the index or moveable radius CP from O ; 

* Compare fig. 2, 

differing 
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differing in this from Mr. hadley's Conftruction, in which 
the angle obferved is equal to double the angle defcribed by the 
moveable radius from the initial point of the arc O. While 
therefore the moveable fpeculum C is carried round by the ra- 
dius CP in the ,plane of motion according to the new conftruc- 
tionjuft defcribed, the image of E moves with an angular velocity 
juft equal to that of the radius, the motion of the image being, 
according to Mr. hadley's invention, always greater than that 
of the radius in the proportion of 2 to 1. 2dly, The angles 
of incidence and reflection on both furfaces are conftantly the 
fame, being equal to 45 . 3dly, BI (art. 13.) being always 
lofs than 90 , obfervations by two reflections may be taken all 
round the circle, that is, angles of any magnitude may be 
meafured by this conftruction. It will not be difficult in prac- 
tice to regulate the inclination of the plane reflectors to the 
•p'ianeof motion, with the other given quantities to their true 
magnitude. Let the reflectors B and C be brought parallel 
when the index or radius CP is directed to O, being the initial 
point of the arc OP : in order to examine whether the fixed 
plane of reflection BFD be coincident with the primitive fecon- 
dary KO, it is only neceflary to obferve the angle fubtended by 
two given objects when the index CP is on the different fides of 
the initial point O : if the index be directed to unequal diftances 
from that point at the times of obfervation, a correction is re- 
quired. (art. 1,1.). To examine' whether the inclination of the 
reflectors to the plane of motion be exactly 45% let the index 
CP be directed to 180 : if the inclination of the reflectors to 
each other be not then = 90 , a correction muft be applied. It 
will be known whether the inclination of the reflectors to each 
other be = 90°, by obferving the two oppofite horizons at fea, 
and at land by various obvious methods. Thefe examinations 

are 
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are wholly independent of the inclination of the telefcope to the 
plane of motion, which is regulated to its true fituation parallel 
to the plane OPA, by making the plane OP A fixed in regard to 
diftant objects, and by obferving if the images of objects E, Hen 
after two reflections of the rays, defcribe the arc of a great circle 
while C is carried round the plane of motion. Any three fixedob- 
jects, at a fufficient diftance, and fituated in the fame plane with 
the obferver's eye, will be fufficient for making, this adjuftment. 

Fig. 9. 10. and 11. reprefent the progrefs of the rays, and 
the pofition of the reflectors according to this conftruction. TC 
is a ray iffuing from any, object T in a direction parallel to the 
plane of the motion, and impinging on the fpeculum C, which. 
is inclined to that plane at an angle of 45 : from hence it is 
reflected in. the direction CB perpendicular to the plane OCA, 
and being there reflected by the fpeculum B proceeds in the given 
or conftant direction BG parallel to the plane of motion OPA. 

16. There is another conftruction which follows from the. 
general theory, the defcription of which fhould not be 
omitted. This will require fome little explanation. As be- 
fore (fig. 12.) let OPA reprefent the plane of motion, K its 
pole, FIM a parallel or lefler circle projected on it, the diftance 
of this parallel frGm the pole K being meafured by the arc FK ;. 
let KO be the piimitive fecondary, and BFD the fixed plane of 
reflection on the fpeculum B coincident with it. The other 
parts of the conftruction * remaining, it has been demonftrated' 
(art. 10), that the fine of half the obferved angle, that is, 
the fine of half ED, is proportional to the fine of IF, and 
the cofine of DL jointly. Every thing elfe being the fame, 
it is manifeft, that the fine of half ED will be proportional to 
the fine of IF : as therefore the arc KF, that is, the inclina- 
tion of the reflecting planes to the plane of motion, is decreafed, 

* Compare fig. 2. and 3.. 

the 
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the angle meafured or arc ED will become fmaller at the fam« 
time, becaufe FI decreafes with KF, the angle IKF remaining. 
This property feems applicable to good purpofe in meaiuring 
fmall angles, not only from the great extent of fcale, which 
is here obtained, but from various advantageous circumftances, 
which will appear in the fubfequent article, and from the com- 
putations annexed in thofe which follow. 

In this conftruction the fixed plane of reflection is made 
coincident with the primitive fecondary for various reafons : 
there are only two portions of that fixed plane which admit of 
eafy and exact adjuftments ; thefe are when the fixed plane of 
reflection is either perpendicular (art. 1 1 .) to the primitive fe- 
condary or coincident with it. The latter pofition is preferred 
exclufive of the advantages it poflefles in common with the 
other, becaufe it affords means for a very precife adjuftment of 
the inclination of the reflecting planes to the plane of motion, 
that is, of the arc KF ; for if the primitive fecondary OKMD 
(fig. 1 2.) be produced, and in it DG be taken equal to four times 
KF, it is manifefl, that when the perpendicular CI coincides with 
M, or, which is the fame thing, when the radius CP is directed 
to i8o°, the object E obferved by two reflections will coincide 
with G, becaufe BFrrFD and BM-MG by conftrudion. If 
then two given objects be obferved when the index points to 1 8o°, 
the inclination of the plane reflectors to the plane of motion 
will be one fourth part of the angle fubtended by thefe objefts. 

Concerning the magnitude of the arc FB, being the meafure of 
the angle of incidence on the fixed fpeculum,and of KF ~ the in- 
clination of the reflectors to the plane of motion, it will appear, 
by the computations*, that the fmaller they are both taken, every 
thing elfe being the fame, the more exact will be the refult of 
the obfervation ; but both are limited by circumftances which 

* Iafra» 

(hould 
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mould next be defcribed ; thefe will be more obvious if an out- 
line be annexed, reprefenting this particular cafe of the theory 
adapted to the menfuration of fmall angles when reduced to 
practice. OAPC (fig. 13.) is the plane of motion, C the 
moveable fpeculum carried round in the plane of motion by 
the radius CP ; a ray coming from any diftant object T im- 
pinges on the ipeculum C, and being reflected in the direction 
CB, is there again reflected in the direction BG, paffing along 
the axis of a telefcope. A ray coming from another diftant 
object S, inclined to the ray TC at a fmall angle enters the tele- 
fcope parallel to the direction of its axis, which is coincident with 
BG, and confequently the images of the two objects S and T will 
be {hen to coincide in the middle of the field of the telefcope, 
the angle fubtended by them being BGT, which muft be deter- 
mined by the fubfequent computations. 

17. By this figure (fig. 13.), without further argument, it 
is plain, that the magnitude of the reflecting fpeculum C limits 
the conftaht angle of incidence on B ; for were that angle = 0, the 
lines CB, BG, would coincide, by which means the ray BG 
and others adjacent to it would be intercepted from enter- 
ing the telefcope. The magnitude Of the reflecting plane de- 
pends on the quantity of light required ; if a circle of about 
I 2 inches diameter be lufHcient, and the perpendicular diftance 
of the reflecting planes be made equal to five inches, the leafl 
angle of incidence, confiftent with thefe conditions, will be 
about 7 . It is however to be remembered, that the magnitude 
of the reflectors mould be adapted? to the aperture of the tele- 
fcope ufed in the obfervation. As the area of.the fpeculum in- 
creafes, the light admitted into the fame telefcope dtcreafes, 
and thefe areas ihould be fb proportioned as to afford equal quan- 
tities of light, fo that the objects feeu by two reflections, and 
by direct rays, may be nearly of equal brightnefs ; but for the 

Vol. LXXI. I i i fake 
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fake of conftrudting an example to this theory, the magnitude 
of the reflecting planes and the angle of incidence on the fixed* 
fpeculum B depending on it may be afTumed of the value men- 
tioned in this article. 

1 8. The magnitude of the arc KF, or of the inclination of 
the reflecting planes to the plane of motion is limited by the 
angles which the obferved objects fubtend (art. 16.). Fig. 12- 
Becaufe the greater! angle obfervable will be meafured by four 
times the arc KF, it follows, that the arc KF muft. not be lefs- 
than one fourth part of the greater!: angle intended to be ob- 
ferved by this construction ;: if the inclination denoted by the 
arc KF be fixed at io', four times that angle being 40' will be 
greater than the apparent diameters of the fun or any of the- 
planets. 

19. It remains to infer from the preceding conftruetion (figs 
2), the actual meafure of the angle fubtended by the objects 
obferved. This muft. be effected by computation, which will 
not only ferve as an illuftration of the theory, but afford means 
of eftimating and comparing the errors in the angle deduced, 
occafioned by the unavoidable errors in obfervation and practical 
confrruction ; an examination extremely ufeful in aftronomical 
fubjects : next to removing errors entirely from obfervations,, 
which is fcarcely to be hoped for, the leflening, cireumfcribing r 
and reducing them within known limits is an object of prin- 
cipal confequence. 

20. The conftruetion of fig. 2* remaining, through the 
points F and I (fig. 14.) draw the great circle FI. Bifedt FI in 
Q^ and through the points K and Q,draw the arc KQ, which 
will be perpendicular to IF. To determine by computation the 
arc ED which meafures the angle fubtended by the obferved 
objects, three fpherical triangles, KQF or KIF, 1FB, and 
DBE, muft be folved, for which the data are evidently fufficient ; 

5 or 
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or the value of ED may be obtained from the folution of two 
triangles KQF and DFL, with the proportion demonftrated in 
3irt. 9, 

21. To proceed with the computation, through D draw 
the arc DL perpendicular to FI, and let the fine of QKF =p, 
being the fine of half the arc OP, the meafure of IKF : put the 
fine of KF - s, the fine of DF =: m, the fine of DFK = », ra- 
dius = 1. In the right-angled fpherical triangle KQF, the pro- 
perties of fpherics give this proportion : as radius to the fine 
of KF fo is the fine of QKF to fine of QF; wherefore 
fin. QF = #; cof. QF-vA -•*>*; and fin. FI (FI being- 
double to QF) = zsp x v/i —s*p z ' Moreover, becaufe as rad. 
to cof. QK fo is cof. QF to cof. KF, we have cof. KQ== 

•v^EZL ; and fin. KQ = <Z lrl£ -. And fince as rad. : fin. QFK. 

fo is fin. KF to fin. KQ ; this proportion gives fin. QFK = 
¥ J~~P , ; and becaufe the fine of the angle LFD is the fine of 

the difference (or fum) of the angles QFK, DFK, of which 
the fines are, fin.QFK = v • I— juft found, and fin. DFK = » 
by the data, we have from the^rules of trigonometry, 
fin. * DFL = V ~ x tt^pV-rtp* 

and fince in the right-angled triangle LDF, as rad. : fin. DF :*. fin. 
DFL : fin. DL, and by the problem fin. DF — wit appears, that 

* If the points P and QJ>e on different * fides of the point O as they are repre- 
fented in the conitru&ion, the laft term will be affected with the fign — : if P 
and Q. be on the fame fide of O, the fign of the laft term will be + . It may be 
here obferved, concerning the geometrical conftru&ion (fig. 2. and 3.) that when 
P and Q_are on different fides of O, the angle obferved ED will be greater than 
when thofe points are on the fame fide of the initialpoint O, the arcs OP, Op % 
being equal. 

* Compare fig. 2. 

I i i 2, &B.9 
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The fine of IF was fliewn to be ij^xVi-//, and its 
fquare _ 4J' *jf x 1 — s p l : moreover, it was deraonftrated in 
art. 9. that as rad/ : col. DL a :: lin. IF 1 : 1m. iED* which 
gives, by fubftitutitig the values of col. DL 2 and lin. lb"~, and 
multiplying the cof. DL. 1 into lin. IF 1 , lin. § ED J = 

4// X i-j 2 /-7» 2 -J-SiV +/>V-2/>W;N- m z n z i z p z ±L2m z pnX ^i-i z X * / i-p z X ^ x-n z 

and the cofine of I ED 1 = 

l-4i a j» 2 X l-s z p z -iTi--\-m z n*-i p z m z -2p z m £ n z +m z n z sp z ±2m' : pn X V 7^7 x "/IPpX vT^/? 

finally the coline of ED is therefore — 



3-8// X i-j 2 /-m 2 + m z n z +phh z -2p z m z n z ^m z n z i z p z ±i2n z pn x /i-j 2 X /i-/ x V'l-?, 2 , 

, 22. The particular cafes inferred from the geometrical con- 
Uru&ion may be compared with this analytical value of the cofine 
of ED, or of the angle fubtended by the obferved objects. M 
s — 1 and n = 1 , by fubftituting 1 for s and n in the expremon 
juft found, we (hall have the cofine of ED = 1 - Sp 1 + 8p\ which 
is the cofine of an arc four times greater than, that of which the 
line —p. This.anfwers to. the properties of hadley's inftrumenf, 
in which KF or the inclination of the reflecting planes to the plane 
of motion is 90 , audits line =1 =;: moreover, in hadley's 
inftrument, the fixed plane of reflection at the unmoved fpeeur 
lum is parallel to the plane of motion, and therefore perpendi- 
cular to any fecondary of that plane ; its inclination to any fe_- 

eondary 
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eondary therefore will be 90°, and the fine of this inclination' 
= 1 —n by the problem. And fince p is the fign of half the 
inclination of the reflectors, the angle of which the cofine is 
1 — 8/^ + 8/> 4 will be twice the inclination of the reflecting planes,, 
which is a property of hadley's infbrument. In the analytical 
value of the cofine of ED, the laft term is affected by two figns ; 
thefe depend on the pofition of the fecondary KP and the in- 
terjection Q in refpect of the point O. If the fecondary KP 
or the index CP be on the fame fide of O with the interfection, 
Q (fig. 2.), the fign of the lafl term is negative : if CP and: 
Q^be on oppofite fides of O, the fign of the laft term wilL 
be pofitive; and when DFK = o or 180 , the whole term 
vanifhes, becaufe in that cafe n — 0. Alfo, if w = o, »=i, 

j=i, or if p— 1 , the laft term vanifhes.. When m = s — -jL y 

KF = 45 : in this cafe, if n -0 the conftruction will be that de- 
feribed in art. 1 5. and the cofine of the obferved' angle ED will 
equal 1 — 2p % , the other terms vanifhing : and becaufe 1 — 2^ is 
the cofine of an arc double to that of which the fine = p, it 
follows, that the angle obferved will be equal to the arc 
defcribed by the index from 0, of which the fine of one- 
half is by the problem = p. In every cafe, when, n = o, t 
that is, when the fixed plane of reflection at the unmoved fpe- 
culum coincides with the primitive fecondary KO (fig. 2. and. 
iz,), the cofine of ED = 1 — 8//> 2 x 1 —s 2 p*~m x +p l m z . 

23. The fine of ED will be neceflar.y (art. 27.) to afcertaini 
the variation of ED from the truth occafioned hy errors in* 
the data ;. to obtain fin, ED let 

— d: then (art. 21.) from the value of cofT|ED* we have- 
fin. ED = 4sp x \/d x s/\ - l^~fl. When s is very fmall, 

and! 
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and n—o, d~ i — ni-\-m r p % nearly, which gives 

fin. ED = 4.sp x K /~m z + m z f nearly. 

24. The cofine of the obferved angle reprefented by ED 
(fig. 2. and 14.) in the conftruction, being computed from the 
four given quantities p, s, m, and n, if either of thefe mould 
deviate from its true value, the angle deduced will be erroneous : 
and from the general expreffion for the cofine of ED, an efti- 
mation of this error will be obtained, in the investigation, 
however, it muft be obferved, that although the fmall incre- 
ments or decrements of arcs or fines are affumed proportional to 
the fluxions of thefe quantities, which is ftri&ly true only in 
the nafcent ftate of the increments or decrements, yet when 
the given variations are in a practical fenfe very fmall, the 
eftimation of corresponding variations will be an general fuffi- 
ciently exacl for pra&ical purpofes. 

25. Small increments and decrements, that is, fmall varia- 
tions, being affumed proportional to the fluxions of arcs and 
©f their fines and cofines, if the variation of the fine or co- 
fine of any given arc be known, the cotemporary variation 
•of the arc will be for the moil part inferred from the following 

proportions: as fin. : rad. :: — cof. : arc; and as cof. : rad. :i 

i'in. : arc. But thefe proportions muft be ufed under 
reftridions very neceffary to be inferted in this place, be- 
ing true when applied to the intermediate parts of the 
quadrant only and failing at the extremities; for example, 
at the very beginning of the quadrant, or at the very end 
of the femi-circle, the variation of the cofine is the verfed fine 
of the arcs increment or decrement, which gives the proportion 

as fin. : 2 x rad. :: —cof. : arc, being wholly different from the 
former: in like manner, at the very extremity of the qua- 
drant, 
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drant, the increment of the fine becomes the verfed fine 
of the arcs laft increment, which gives this proportion : as 

eof. v 2'x-rad. :: iin. : arc, And' fince in this cafe arc = cofine, 

we fliall have, arc — V 2- v iin. radius being — 1. la the other 
parts- of the quadrant which are not very near its extremity,. 

arc= 'cof» having given, therefore, the variation of the fine 
or cofine of any arc, the fine or cofine being known, the 
eotemporary variation of the arc itfelf may be obtained, when- 
it is either at the very extremities of the quadrantj or at; 
fome diftance from thofe extremities. The difficulty lies im« 
afcertaining in what part of the quadrant the value of the 

♦ ■ ■ ■ 

* C 4" 

arc =—=:■■ ■ — begin to fail, and the value expreffed" by 

arc — v 2 x; fin. or — V 2 x cof. to- talie place. This leads tow 
a general propofition comprehending both fchefe values for the 
arc's variation, extended to every part of the quadrant. 

The propofition is this : the difference of the cofines is to 
the chord of the difference of any two arcs, as. the fine of an< 
arithmetical mean between them to radius •;, and the difference of 
the fines is to the chord* of the difference, as the cofine of the 
fame arithmetical mean> to radius. Let ABs, AF (fig. 15-.) be 
the given arcs ; BF their difference ; BL,- FH, the fines ; CL, 
CH, the cofines of the arcs AB, AF, refpectively ; join CA,CB* 
CF, and FB ; FB will be the chord of the difference of the arcs 
AF, AB. Through B draw BG parallel toCA ; then HL = BG 
will be the difference of the cofines* and FG the difference of 
the fines. Bifect- FB in D, fo fhaU DA be an arithmetical mean 
between the arcs FA, BA ; join DC, which will interfedr, FB at 
right angles in E : through D and E draw DK, EI, perpendicular 
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to CA : DK will be the fine, and CK the cofine of the mean, 
arithmetical DA : the fimilar triangles CEI, CDK, FGB, give 
the following proportions : 

HL or GB : FB :: DK : DC, and 

GF : FB :: CK : DC, which was the proportion 
to be demonftrated *. 

* When FB (fig. 15) is fo fmal'l in camparifon of FA, that FG fhall be eva* 
•nefcent in comparifon of FH, FH and BL will be in the ratio of equality, 
and confequently the ratio FH : FC equal to the ratio BL : BC, or to the ratio 
DK j DC ; for this reafon, and becaufe it has been proved, that as HL : FB :: 
DK : DC, it follows, that as HL : FB :: FH or BL : BC, that is, as the variation 
•of the cofine is to cotemporary variation of the arc, fo is the fine of the varying 
arc to radius.; and, for fimilar reafons, as the variation of the fine is to the 
cotemporary variation of the arc, fo is the cofine to radius. 

If BA be fo diminifhed that FG fhall bear a finite proportion to FH, and too 
great to be neglefted, BL will not be either to FH or to DK in a ratio of equa- 
lity ; confequeiuly, FH or BL muft no longer be fubftituted for DK : as BA 
becomes lefs, FB being Hill fuppofed evanefcent, DK approximates to the fine 
of |FB .to which it is ultimately equal when B andF arecoinciding with A (fig.16.). 
In which cafe the proportion will become as HL or HA : FB or FA : : |F A : to 
CA, that is, as the verfed fine of FA is to the arc FA fo is half the arc FA to radius, 
or fo is the arc FA to diameter. 

The propofitions which have been demonflrated, comprehend the variation 
of the arc exprefied in terms of the cotemporary variation of the fine or cofine 
in every part of the quadrant without limitation, it being only allowed to fub- 
fiitute the arc FB inftead of its chord, thefe quantities approximating the 
more nearly to equality as FB is fmaller, and being ultimately equal in their eva- 
nefcent ftate. Moreover, it will be eafy from what has preceded to conftruft a 
plane right-lined triangle, which (hall be fimilar to the mixtilinear triangle con- 
tained under an arc, its fine and verfed fine when they are diminifhed fine limite. 
Let FA (fig. 16.) be any arc, FA the chord, FH the fine, CH the cofine of the 
ajrc FA. Bifecl: FA in D, join CD, and draw the right fine DK : then will the 
plane right-lined triangle KDC continually approximate to fimilarity with the 
mixtilinear triangle FDAH as FA becomes fmaller, and the two triangles will be 
ultimately fimilar when FA is vanifhing. 

3 % 
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From thefe geometrical proportions, having given aoy arc and 
•the variation of its fine or cofine, the cotemporary variation of 
the arc may be eftimated by computation in general for any 
part of the quadrant. Let the fine of any arc be s, the 
cofine — c, the chord of the arc's \ r ariation ~x, the given varia- 
tion of the cofine — d, or the given variation of the fmt — b, 
radius = 1 ; then if the cofine of the are increafes by the dif- 
ference d, the chord of the cotemporary decreafe of the arc, or 

— x = V 2S Z — zdc =f V2s z - zdc — 4^ 
and if the fine of the given arc increafes by the difference b 

+ x = sj Z c" - zbs =f V2C 2 - zfs z - 4^', 
which are the mathematically true values of the chord FB, 
and will approximate to the magnitude of the arc FB as that 
arc is continually diminished. The following expreffions for 
the chord of the variation x are more compendious, and will 
be fufficiently near the truth when FB is very fmall. 

* I? 2d 

- x = 7-\l7-7 

In thefe four expreffions it muft be obferved, that the fine and 
cofine are fuppofed to vary by increafe : fhould the variation 
be a decrement, the fign of x and of b or d muft be changed. 

26. Let the quantities p, s, m, n, vary by fmall in- 
crements^, s, m, n, refpectively, then to obtain the cotempo- 
rary variation of cof. ED, becaufe (art. 2 1 .) 
Cof. ED = 1 - %s l f x 1 - Tf - m % + m*n*+ nff - 2/ nfrf + 

m z n*s z p z z±z zinnp x \A -p z x /i-s'x/i - s% 
by taking the fluxion of the equation we have 

Vol. LXXI. Kkk Cof. 
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C'oi. tU — —ibs'ppX i.-'l$ z f-rr?-\- nm + -i. nf p~ - &. m z i z p z -\- 2r z m z i i p 

m rip X V I — >i % X V I - , 2 x 2 — i/> 2 



V- 



r 



)V i i X I — 2 /'^/ — z» 7 ' + « ?/; 2 -f" />" /as 1 — 2 p~ m" n 1 -\- 2 >r fii 2 n z i* 



z npx v'l —n" X V i _yj 2 



X 2' 



• ^ 



+ 1 6iy/«wX i -«'-//+ 2fV-i>V+2/»X A-« 2 x v'l-rx V i". 



, ,, -*. , 2 22 .^1 — r X V I--/TX* X I — 27, 2 

+ 1 6spmn X - n+ %p n - s p n+ __£__! . 

v i-n z 



27. This value of cof. ED is, exprefled in terms of the va- 
riation of the fines of the given quantities : if it be neceffary 
to exprefs cof. ED in terms of the variation of the ares thern- 
felves, it muft firft be confidered to what part of the quadrant 
they belong : for example, if s be a line of an arc b not very 
near the extremity of the quadrant, and the variation be s, the 

cotemporary variation of the arc b will be — — — ; but if the 

variable arc be nearly = 90 , and becomes exa£Hy equal to it 
ultimately having varied by a fmall arc b of which the verfed 
line = v ; then will - s — the verfed line of b and - b — s/z v. 
Laftly, if the variable angle approximates to 90% but is not 

equal to it, and the variation of its fine mould be = s, the co- 
temporary variation of the arc muft be obtained from the 
general theorem in art 25. When either of the two lat- 
ter cafes happen, the variation of the arc muft be 
determined for each particular cafe ; but it will be neceffary 
to give a general expreffion for cof. ED in terms of the varia- 
tions of the given arcs, of which />, s, m, n, are the refpedlive 
fines when thefe arcs are at fome diftance from 90 ; this is 
contained in the next article, 

7 28, Let 
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28. Let the angle QKF = a (fig. 1 4.) ; the arc KF — b ; the arc 
DF = r, and the angle DFK = ^/; their refpeclive increments 
being 'a, b, c, and d? tneir fines p, s, m, and n, and the co- 
temporary increments of their fines p, s, m, and n; from the 
proportion contained in art. 24. we mall have p — ax %/ 1 — />% 
s~b x %/ 1 - s 2 , m = c x %/ 1 — m z , and n — dx s/i - « 2 , which 



being fubftituted in the value of cof. ED laffc found will give 

_ t _ m*np x ^i-rx^i-Zx 3 — 4/>* 



d i-f- 



?» 2 ?7/> X ^ 1 — » z x V i — p z x. 2 — y % 

4 i6r/x ^TZ'mcx i-» 2 -/ + 2/>V-i 2 j>Vq=2/>;2 x ^i-tt x ^i-r x ^l~p z 

j> x V i-Zx^ 1 -/> 2 x7^2« 2 



+ 1 6 j 2 * V X V 1 - » 2 x af x - n + ip % n - tp % n -J 7r=y 

■ V 1 — n 

This quantity (art. 23.) being divided by the fine of the ob- 
ferved angle, the variation of that angle or ED will be the 
quotient. 

29. In the expreffion for cof. ED contained in art. 26. the 
variations /, s, m, and n, are arbitrary, as are a, b, c, and d t 
111 the laft article. If a condition be annexed to the variation 
of any of them, two or more may become dependant on each 
other ; and their relation mull be determined by the nature of 
the cafe. Moreover, if one or more of the given arcs and 
their fines mould be corre£t, the variations correfponding and 
all the terms multiplied into them will vanifh. To give an 
example of the ufe of thefe expreffions before they are applied 
to the immediate purpofe of examining the new conftruaions 

K k k 2 defcribed 
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defcribed in art. 1 5. and 1 6. let it be required to affign what error" 
is occafioned in obfervinga given angle with a hadley's fe£tant„ 
in which the telefcope is parallel to the plane of" motion, but 
the two reflectors deviate from, their perpendicular to that plane 
by a finalL angle b. Suppofe the error of half the arc pointed 
to by the index, to- be a, and consequently the error of the. fine 

of half that * arc = a x \/i — p z —p : in this cafe, becaufe the 

inclination of the reflectors to the plane of motion is nearly- 

=• oo°, the variation of the fine will be equal to the verfed fine of; 

the fmall arc b> by which the inclination deviates from 90 ; let 
i) be the verfed fine of b, then will - .f = v (j varying by a de- 
crement of v). Moreover, becaufe a condition is annexed,.which. 
is, that the line of obfervation is parallel to the plane of mo- 
tion, the variations s r m, and n, will be dependent on each 
other. To investigate their relation let FO = b (fig. 7.) be the 
fmall arc which meafures the deviation of the reflectors from 
the perpendicular to the plane of motion : then, becaufe fin. 
DO = m, and 1 fin. DQF = n — i by the problem, when F from 
having been coincident with O has moved through the arc OF„ 
it is plain, that n = fin. DFO - fin. DOF = (n being a decre- 
ment) \. but, by the -f- properties of fpherics, cof. DFO = 

VT,xcofDF = ^x^r^% and FQ bek fman the , 

fin. D¥ m ° J 

* phere, as in the general folution, denotes the fine of half the arc to which 
the index on the plane of motion is directed, that is, p — the fine of one-fourth 
of the angle obferved in Mr. hadley's conftru&ion. 

f Fig. "j. as rad..: catang. DF :: tang. FO : cof. DFO, that is, FO being very; 
fmall, and therefore FO =2 x verfed fine of FO, as rad. : cotang.DF :: V zv: cof,. 
©FO : by the problem fin. DTzzm, and cof. D'F—v'i—m', wherefore cot.. DF=: 

Y x ~™2, which gives cof. DFO ~VwX V ' I ~ W *. . 
m " m, 

fine 
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fine of DFO = 1 - - — ^—HL from which i = fin. DO F being fub- 



tr acted leaves n — -^- 1 £ ~ — ; orbecaufe s= -v, n— . +J . X . 1 :.'"... 
Moreover, the* quantity-— ~ in the nafcent ftate of x - / and 
and v/i— Li = m . Making therefore in the 



1 — «' = 



general expreflion contained in art. 26. — ^i — 21 — ^ _ v = j\ 
a x \/i - p z — p. and ", ' == _ vT-^-L , n — s = i, we fhall- have 

C'o('.LD=-i6/>axV 1^X1-2/ + i6/. 2 wx r-2/ 1 +/* 2 « I ^:OT/>X l/ i^m 2 X ^i^ 2 
•4- 1 6/wX ir-p z -m ? - + n^frpmpx. ^ l-r/fx ^ i.-p z =- ibp'a- X V j -p z xi- 2 p z + 

1 6^ v x 2- sp* -m 2 + 2p z m l =iz2mp x \/i'~m z x */\ -p* : anc j: 
becaufe the fine of the obferved angle is 4p x </i —p * \ _ 2 p z f: 
the error of the obfervation. itfelf, that is, 

T Vl-^Xl-2/ 

In this example the pofition of the telefcope has been fup- 
pofed exactly in the plane of motion ; liiould it be in- 
clined to that plane at a final! angle, of which the verfed 
fine = v, the pofition of the reflectors and the arc pointed to 

by the index being correct, the general value of cof, ED will 
give the error of the obfervation, or ED — -4pv* i-p ^ 

30. To 



* The nafcent value or X _Zi -Zlll ; but h=- -2*1Z£ = ±LHiZJ?L 



1 - s z - m z 



wherefore ; = -. , when s and « are nearly r: i. 

•Ji When the. pofition of the telefcope only is ' erroneous, the points F'and'O 

coincide 
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30. To examine in what degree an observation taken by the 
new conftruction defcribed in art. 15. is affected by known 
errors in the given quantities, let the reflectors Band C deviate 
by excefs from their true angle of inclination to the plane of mo- 
tion by a fmall angle + b : let the angle of incidence on the 
fixed fpeculum be too great by the increment c: let the fixed 
plane of reflection deviate from the Secondary KO with which 
it mould coincide by a fmall angle d-, and laflly, let the error 
of the arc pointed to by the index be = 2 a; then thefe variations 
are arbitrary, no condition being annexed. Moreover,- by the 

■conftru&ion m = s = - 7 =, and n = o, which values being fub- 
v 2 

itituted in the general expreflion contained in art. 28. we 

fhall have. 

Cof.ED= - 4'ap xVT^7- 4/ix 1^7+ 4/fX 1-/+2 V 2 ^ix ^ 1 -/ ? 

and becaufe the fine of the angle meafured = 2p x %/ \ -_/>% 

the error of the obfervation required, or 

coincide (fig. 7.) let the inclination of the telefcope to the plane of motion with 
which it fhould coincide, be meafured by the fmall arc Dd; then the correfponding 
variation of the angle DOK will be DOd. Let Dd^ze, and its verfed fine := v ; 
fince the fine of T>0 — m, and the fine of DOKm zzn by the problem, n — the 

e e v 

verfed fine of DOd; but DOd=— , and the verfed fine of DOd = — 2=-^ : 

m 2m m 

wherefore n — — — • This being premifed, it appears from art. 26. whenp, and s, 
m 

are^o, that Zof. ED = + leiyAx-T+^W^ ^'^V':^ 1 -"! 
■ *i-t? 

+ ib s*p*mmx i-n*- f + 2 p 2 n z -fp*n z + 2pn X^!- „>x\/l~^ z X\/7^p* 

— v 
in which quantity, fubftituting 1 for s, 1 for n, and -^ for n, we fliall have 

^ED= + i6/x/xiT7% which bein S div i ded b y the fme of the obferved 
angle — \p X V' 1 -/ X i-p ,the quotient will be the variation of that angleorED = 

— t\.vp X)/i—p z 

• 2 • 

'-* ED = 
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ED= 2a+2pb x \/i -p % - 2fic x %/ \ - p'-^s/zffd. 
It appears from the firft term 2<z, that an error in the arc 
pointed to by the index, caufes an equal error in the obferved 
angle; whereas a double error is caufed by it in hadley's 
fextant, which gives the new conftruclion confiderable advan- 
tages : to counter-balance thefe the errors in hadley's conftruc- 
tion, caufed by a wrong pofition of the reflecting planes, &c. are 
almofl: evanefcent ; whereas the three laft terms in the value of 



KD juft found, may become coniiderable, unlefs great care be 
taken in making the adjuftments : the feparation alfo of the 
images, when in contact, caufed by any unfteadinefs of the in- 
ilrument will be greater than in Mr. hadley's conftrudion * ; 

but 

• 

* The variation of the obferved angle ED will (hew how much the image's, feea 
in contact in the field of the telefcope will appear to divaricate on any motion of 
the entire conftruftion. For example, while the images of the obferved objefts 
are coincident in the field of the telefcope, fuppofe that Mr. hadley's inftrument 
were turned round in its own plane through a fmall angle : here s, n, and p, not 
being affeded by' this motion, it follows, that s, n, and p zz o, m=. the fine of the 
angle of incidence on the fixed fpeculum, being the only quantity which fuffers 

alteration : let its variation rr m, which will give from art. 26. the correfponding 
variation in the cofme of the obferved angle, or 

Col. ED = + \bifmmx i-s 2 -/ + 2/« 2 -J 2 />Vq=2/>»xV'i^X ^/i-r X v / T^p i 
rro, becaufe n~s — i. Wherefore any motion of the images in the plane of 
the inftrument will not caufe the leaft feparation of them. Now fuppofe the whole 
to be turned on an axis fituated in the plane of motion, and perpendicular to the 
telefcope's axis: if the angular motion be meafured by an arc of which the veiled 

4-7'/> X I ~~ p l 

fine —V, the points in contact will be feparated through an angle rr 2 » 

I — 2p~ 

p being the fine of one quarter of the angle obferved ; but the quantity v being 
very fmall, when the angular motion does not exceed 30', the divarication of the 
images will be inconfiderable. All oblique motions of the telefcope's axis, and 
confeqvxntly of the image feen by direct rays, may be refolved into thofe that 

have 
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but in meafuring the fmaller angles, this feparation of the 
images, as well as the errors exprefled by the three laft terms 
will be greatly diminiftied while that which is denoted by za con- 
tained in the firft term is not increafed. On the whole, from 
the properties which have been demonftrated to belong to this 
.conftrutlion delcribed in art. 15. it may feem worthy of atten- 
tion in practice, for fome agronomical as well as other ufes. 

3 1. By the fame way of examination it may be judged, whether 
the method of obferving by two reflections from plane furfacesbe 
applicable to the menfuration of fmall angles, according to the 
conftrucVion delcribed in art. 1 6. Let the errors of the four given 
quantities (as in the laft article) be 2a — the error of the arc 

have been confidered, which are perpendicular to each other : and from hence the 
reafon appears, why the motion of a (hip at fea does not much difturb the obser- 
vation of angles by Mr. hadley's inftrument. 

The new conftru&ion defcribed in art. 15. is not fo well adapted for obfervation 
where it cannot be fteadily fixed. When the images are in contact, if the inftru- 
ment be turned in its own plane through a fmall angle e" the feparation of the 
images will be ~ ie"p" (becaufe d" = ^ 2 e", vid. p. 426.) p fignifying the fine 
of half the obferved angle : this it is evident will moll affect the obfervation of 
the larger angles ; but in meafuring thofe that are fmall, the divarication will be- 
come inconfiderable. Moreover, if the angular motion of the inflrument be e'\ 
when it turns round an axis in the plane of motion, and perpendicular to the tele- 
fcope's axis, the feparation of the images will be = 2e"pX.v 1 — p z , p. 426. which 
it is plain will moft diflurb the obfervations of angles about 90 , but will fcarcely alter 
the contact of the images, when the angles meafured are very fmall, or near 180'. 

The objects obferved and their images are here underftood to be phyficai 
points : thus, when the two images of the fun are feen by direft and reflected 
rays, and the limbs appear precifely in contact, if by any motion of the inftru- 
ment the contact is difturbed, the points which before touched, being the obferved 
objects, are faid to be feparated, whether the* centres of the folar images approach 
or recede from each other, the feparation being eftimated in the direction of 
an arc which panes through the centers of the two folar images. 

Experience mult determine in what degree this feparation of the images will 
difturb obfervations taken at lea with the new conftruction. 

3 pointed 
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pointed to by the index ; b — the error of the inclination of the 
reflectors to the plane of motion ; c — theerror in the angleof inci- 
dence on the fixed fpeculum ; and d~ the inclination of the fixed 
plane of reflection to the primitive fecondary with which it' 

fhould coincide. Referring to the general value of cof. ED, 
(art. 28.) and making n~o we (hall have 

C^TEDrr - 1 Ox/ i-j?py\ X i~>y ~^ Twff- l ^f*' 1 * </ ~^' * i-*fr-»? + >*Y 
+ 1 6sy\-m X */ 1 - m x i — /•q- i6/«7>V'.;/ x ^ i — r X V x ^_p a } 

and becaufe s being very fmall, the fine of ED (art 23.) ap- 
proximates to 4.sp x v/'i - w +p*m*, the error of the obferva- 

tion lttelr, or LD = ' ■ : — — !- — 

V 1 — 



1 — m~ + p m 



. Apb X V I — j 2 x I — 2/>V- '/. 2 + »*/> 

-J- ■ _ , =^z:— ' 

V I — m z +p z m i 



2.2 



4spmcX ^ 1 — w 2 x 1 —p* 
Vi—m'+p 2 m z 



_,_ Am 2 f> z sdx V 1 _ j 2 x V 1 -^ 

The firft term of this expreffion gives, the relation be- 
tween any fmall variation in the arc pointed to by the index, 
and the correfponding alteration in the angle obferved ; if 
therefore the variation on the divided arc be any fmall angle 
± za, + or - the firft term will exprefs the variation by which 
the obferved angle is increafed or diminifhed. According to the 
magnitude of m and s affumed for this conftrudtion m being the 
fine of 7 , and s = the fine of io', it -appears, that at the very 
beginning of the fcale one fecond of a degree in the angle ob- 
ferved correfponds to fbmewhat lefs than three minutes on the 
divided arc OP; that is, when za = about 1 73", ED= 1", 
c, b, and d, not being here confidered. . When^=§, the in- 
dex then pointing to 6o°, one fecond in the obferved angle cor- 

Vol. LXXI. L 1 1 refponds 
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refponds to about iQo /; in the divided arc OP : whenp is nearly 
= i , the index being then directed to almoft 1 80°, it muft defcribe 
above 2 degrees to make an alteration of \" in the obferved angle. 
The fecond term exprefies the variation in the obfervation oc- ; 
cafioned by an error b in adjufting the inclination of the re- 
flecting planes to the plane of motion ; but b (art. 18..) cannot 
exceed I of the leaft angle vifible in the telefcope,. confe- 
quently the utrnoft value of the fecond term cannot be fo great 
as that leaft angle, being at its limit when p = 1 : it is mani- 
feft when p is fmall, that the fecond term is fo much dimi- 
nifhed, as to be in a phyficai itv£t evanefcent. The fame may 
be laid of the fourth term, containing the error of the optical 
adjuftment </, which befides. is multiplied into s the line 
of io'. The third term is occafioned by the error c, for 
which, confiderable latitude muft be allowed, fuppofe 3' ; 
to eftimate the effect of this error on the obfervation,, 
let a cafe be aflumed : let the index be directed to 90° 
when an obfervation is taken for determining the angle fub- 

tended between two objects : then will p = ~ > by fubfti- 

V2 

tuting — = for p, the fine of 7° for m, the fine of xo / for J, 

and 1 80" for c in the third term,, we fhall have, by com- 
putation, the value of that term, or the error in the obfer- 
vation occafioned by this deviation of the angle of inci- 
dence from its true magnitude =."090 not the tenth part 
of a fecond. This is rather an unfavourable cafe, the variation 
being not much lefs than at its maximum when p = A=: if p is 

fmall, or nearly — 1 , the * variation will be wholly infenfible. 

32. 

* The variation is a maximum when^r: the fine of 35 12' ; andconfequently, 
the arc pointed to by the mdex=:7o 24'.. Subftituting therefore the fine of 35° 12' 

for 
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32. From contemplating the value of the error = ED, 
as expreffed by the. four terms juit referred to, fb-me further ob- 
servations are luggefted* It appears, that letting allele the error 
of the fcale exprefied by the firft term (the angles meafured be- 
ing here fuppoled lefs than 22' 56" 23'"') a ^ t ^ ie others become 
fmaller as the quantity p, and consequently the angle meafured 
is diminished, p being multiplied into each of the three lad 
terms. Tins is a material circumftan.ee \ for the lame given error 
would affect the menfuration of the fmaller angles in a greater 
proportion than the larger. Moreover, if p—i, or approxi- 
mates to that quantity, the Index then 'pointing to an angle 
nearly = to 1 8o°, the firft term and the two lair, terms become 
almoft evaneieent, not only from the circumftances that have 



Ibeen coniidered, but from the quantities 1 -^p'% s/ 1 ~p z , which 
sire multiplied into them. This alio the obferver may avail 
himfelf of : for fuppofing he fhould know, that the angle of in- 
cidence on the fixed fpeculum, and the fixed plane of reflection* 
are imperfectly adjufted, and even that the divided arc is incor-r 
reel, he may almoft wholly avoid the errors which they would 
occafion, by fo adjufting the inclination of the reflectors, 
to the plane of motion, in refpedt of the angle meafured, that' 

for p in the third term, (p. 429^) every thing elfe remaining, the maximum or* 
variation in the obferved angle on account of 3' difference in the angle of inci- 
dence on the fixed fpeculum will appear to be ~ ''.098* 

The error of an obfervation occafioned by a variation c in the angle of inci- 
dence on the fixed fpeculum, can never exceed the T -ri7 p art °f (■> which is the 
maximum of error, the angle meafured being ~ 22' 56" 33'", the index 
then pointing to 70 24'. The error, caufed by a fmall angle d, at which 
the fixed plane of reflection is inclined to the primitive fecondary with which it 
fliould coincide, cannot exceed the tttob- part of d, which is its maximum 
when the angle meafured is 32' 33" 3'", the index then being directed to 109° 20'. 

L 1 I 2 the 
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the index Avail point to fome degree near to 1 8o°, which is 
done by making that inclination very little more than one- 
fourth of the angle to be obferved. 

33. The tables 1. and 11. are calculated for taking the 
diameters of the fun and planets : v the construction being formed 
on the principles which have been explained (art. 16. ij. 18. 
31. 32. fig. 12. 13.) The fixed plane of reflection is coinci- 
dent with the primitive, fccondary, and confequently n = o : 
the common inclination of the reflectors to the plane of mo- 
tion = 1 o' ; and the conftant angle of' incidence on the fixed 
(peculum = 7°. 



TABLE I. 



Arc 

pointed to 

by the 

index. 


Obfcrved 
angle. 


DifF. 


i° 


O 


20 47 




u 

20 


111 

47 


2° 





41 34 


20 


47 


3° 


I 


2 21 


20 


47 


4° 


I 


23 8. 


20 


46 


5° 


I 


43 54 


20 


46 


6° 


2 


4 4° 


20 


45 


7° 


2 


25 25. 


20 


45 


8° 


2 


46 10 


20 


44 


9° 


3 


6 54 


20 


43 


\ ' io° 


3 


27 37 



TABLE II. 



Arc 

'ointcd to 

by the 

index. 



IOO" 



no" 



Obierved 
angle. 



3° 3 2 5' 



IOI° 


3° 


4.6 


*9 


I02° 


3° 


59 


39 


. IO3 


3i 


12 


5 1 


IO4 


3 1 


25 


54 


I0 5 ° 


3i 


38 


48 


106 


3i 


5i 


34 


. 107 


32 


4 


11 


108 


3 2 


16 


39 


109 


32 


28 


58 



j2 41 



DifF. 



*3 


in 
28 


J 3 


20 


13 


12 


'3' 


3 


12 


54 


12 


46 


, 12 


37 


12 


28 


12 


!9 



12 II 
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The divarication of. the images while they traverfe the field 
of the telefcope during the time of an observation, and the 
errors of the obferved angle in confequence of any change in 
the quantities m * and n (p. 429 ) mould they appear to be of 
fenfible magnitude, may be diminifhed until they are in- 
phyncal fenle evanefcent, by altering the values of s and m 
(art, 31.) : for this purpofe it will be requifite to ufe two fe- 
parate conftruduons ; the one for obferving very fmall angles, 
thofe, for example, which do not exceed z r : and the other, 
for meafuring fuch angles as are fubtended by the fun and moon. 
In the former of thefe s may be ailumed = the line of 30'', 
m = fin. 7% and n = o. From thefe data tab. nr. is calcu- 
lated. In the other conftrucfion, becaule very fmall reflecting. 
furfaces are neceflary to obferve the fun by two reflections (art. 
17.) m may be affumed = fin. i°, s being — fin. 10',. and 
n — o : from which conditions the fourth table is calculated. 
Thefe tables may be eafily extended, by calculating from the 
value of cof. ED or tin. iED 2 contained in art. 21. or 22. 

* Let the telefcope with the entire conftruction be fteadily feed : then if the 
objects obferved be in contact while the touching points occupy the center of tha 
field, the angle of incidence on the fixed fpeculum will be of its true magnitude ; 
that is, its fine or m will ~ fin. 7 in tables I. II. and III.; andwz — fin. i° in 
table IV. The fixed plane of reflection alfo will be coincident with the primitive 
fecondary in all the cenftr-uctions correfponding to tables I. II. III. and IV. The 
telefcope continuing unmoved, the diurnal motion of the heavens will caufe the 
points in contact to leave the center of the field; this willoccafion no alteration in 
the quantities s and p,, but will affect m and n only : therefore, x^and p — o. To 
eftimate the effects of this change in the values of m and ??,. let ?n — c x V- 1 —m z , 

and n — dx^ 1 —>*, as in art. 28. and fuppofe aline to be drawn through the centre 
of the field in a plane, perpendicular to the plane of motion : this line will be in the 
fixed plane of reflection ; and any deviation of the points in contact through a 

fmall angular, fpace r, from the center of the field will caufe an equal variation c in ■ 

the-. 
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the angle of incidence on the fixed fpeculum ; the correfponding feparatioa of 
, ,. -^ ■ • 

the images will be=r 4J " Mf T , ,,.'..' -fL4— *— ^(p< 4 3 9-) which is the greateft poffibls 
V i - m 1 + m'f 

/v'Q-iow 2 + ?« 4 — 3-3»i a - . ., ,, ... 

when * = V r— — ~-"— ' = fine of 35 11' 47" (if « -; fin. 7 « 

andi=fiu.io', asm tab. I. and II.) being then——- ;. but if jrrfm. 30", as ia 



837- 



tab. III. the greateft feparatioa will be only , correfponding to lefs than one- 

36746 

third of a degree for the images motion through 10' in the field of the telefcope. 
In like manner let a line be drawn through the center of the field perpendicular to the 
line before defcribed 5 any deviation of the points in contact through a fmall angle 
/in the direction of this line will caufe the plane of reflection at the fixed fpeculum 
to be inclined to the primitive fecondary with which it (houid coincide at an angle rs 

e r • , , • t,mfse x/i-i'x^i -p z 

— ; this will occaiioii a feparation of the images zz — = : — 

m " V 1 — n? + m z p z 

(page 429. **. b«ing there fubflituted for d) which is the greatefc poffible when 
m 

p —\j - ^~ m 7 " — '• ^ m " fi n * 7° anc ^ 5 = & n ' I0 '» as * n taD - 1* an ^ n» 

£ d 

the greateft feparation of the images will be £= -— - = : but if szz fin. 30" 

and ffl-fim f> as In tab. III. it will only = -~- q = j^- q , Which anfwers to 

a divarication of lefs than 1"' for the images motion through 10' in the field 
of the telefcope, itl the direction of the line above defcribed, which is draws 
through the center of the field, and perpendicular to the fixed plane of reflection. 
It muft be remembered, that the kparations of the images here eftimated are 
greater than can pofiibly happen in thefe coriftructions, when the index it 
directed to any other points of the circumference of the plane of motion (the 
cliftance of the images from the center the field not exceeding 10') and are, 
even in this cafe, phyfically fpeaking, evanefcent. 
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TABLE III. 



Are 

painted to 

by the 

index. 


Obferved 

angle. 


Diff. 

1 

//> 

40 
40 
40 

39 
38 
38 
38 
38 
37 

36 

..... ; 


IPO 


' ■ 3 1 39 


IOI° 


1 32 19 


IO2 


1 3 2 59 


IO3 


1 33 39 


IO4 


1 34 18 


1 05° 


1 3+ 56 


106 


1 35 34 


107 


1 36 12 


108 


1 3 6 S° 


109 


1 37 27 


IIO° 


1 3 8 3 



T ABLE IV. 



Arc 

pointed tc 

by the 

index. 


Obferved 
angle. 


Diff. 


100° 


30 


3 8 23 




*3 


• 
in 
24 


101 


3° 


5i 47 


13 


iS 


I02° 


3 1 


5 2 


*3 


7 


10 3 ° 


3 1 


iS 9 


12 


53 


IO4 


3i 


3i 7 


12 


49 


IO5 


3i 


43 5 6 


J 2 


41 


106 


3 1 


56 37 


12 


32 


107 


32 


9 9 


12 


2 3 


108 


32 


21 32 


12 


14 


109 


3« 


O 2 A 6 • 


0.5 T" U 


12 
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IIO° 


32 
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